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Abstract 

The (group and spin space) matrix Hamiltonian describing the dynamics of 
a nonrelativistic spin 1/2 particle moving in a static, but spatially dependent, 
non-Abelian magnetic field in two spatial dimensions is shown to take the 
form of an anticommutator of a nilpotent operator and its hermitian conju- 
gate. Consequently, the (group space) matrix Hamiltonians for the two differ- 
ent spin projections form partners of a supersymmetric quantum mechanical 
system. The resulting supersymmetry algebra is exploited to explicitly con- 
struct the exact zero energy ground state wavefunction(s) for the system. The 
remaining eigenstates and eigenvalues of the two partner Hamiltonians form 
positive energy degenerate pairs. 



*e-mail address: clark@physics.purdue.edu 
''^e-mail address: love@physics.purdue.edu 
•^e-mail address: nowling@uiuc.edu 



1 



The motion of a nonrelativistic spin 1/2 particle confined to move in a plane under the 
action of a magnetic field directed normal to the plane is a fundamental problem appearing 
in a variety of physical applications |I|]- 0. Previously, we examined this problem for a 
static magnetic field having arbitrary spatial dependence on the planar coordinates. We 
showed [0- that the model exhibited a supersymmetry which we consequently 

exploited to construct the exact zero energy normalizable ground state (s) for the system. 

In this note, we study an analogous problem involving the planar motion of the spin 1/2 
particle under the action of a non-Abelian magnetic field which is also directed normal to 
the plane and again having arbitrary spatial dependence on the planar coordinates. Such 
a configration has also been argued to have relevance for various physical systems. The 
non-Abelian magnetic field strength is B"^ = zB'^{x,y), with a denumerating the group 
generators, and 

B'^ = F^, = d,Al - d^Al + yJ-'cA\A'^2 (1) 
= e,,{d,A'^^+^Ja,cA\A'^). (2) 

The indices i,j = 1,2 label the spatial coordinates of the plane, while g is the gauge 
charge and fabc are the group structure constants. Thus the fundamental representation 
matrices, L", satisfy [L*^, L^] = ifabcL'^- It proves convenient to introduce matrix valued 
fields B = L^B" and Ai = L'^A'} so that 

B = e,,{d,A, - fAA,). (3) 

In general, the vector potential can be decomposed into transverse and longitudnal pieces 

as 

Ai = eijdjK + diC ; C = L^C , K = L^K\ (4) 
We choose to work in the Coulomb gauge defined by diAi = and C = so that 

Ai = e,,d,K. (5) 
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Introducing the complex coordinates x± — x ± iy, the spatial components of the matrix 
valued vector potential and non-Abelian magnetic field strength take the form 



Ai = = i{d+K - d^K) 



(6) 



A2 = -diK = -{d+K + d-K) 



(7) 



and 



B = -Ad+d-K - '^[d+K, d.K]. 

he 



(8) 



The Hamiltonian governing the dynamics of a nonrelativistic spin 1/2 fermion of mass m 
carrying the fundamental representation of the gauge group moving in 2 spatial dimensions 
under the infiuence of such a spatially dependent non-Abelian magnetic field is given by 



2m i c 



1 
2m 



2mc 
Ahg 



{d+Kd- - d-Kd+) + -^(d+Kd-K + d-Kd+K) 
c & 



+[^d+d_K + '^(d+Kd^K - d_Kd+K)]a^ 
c 



where (73 = 





B^ 

1 

-1 



B 



T 



is a Pauli matrix. Here 



-^[2(^a+ - '^d^K)\{2^-d. + '^d.K)\ = — 7r+7r_ 
2m I c I c 2m 
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(9) 



(10) 



(11) 



are the (group matrix) Hamiltonians for spin projections +1/2 (—1/2) respectively, with 



7r^ = 2(-9^±^a^X)=7rl 
I c 



(12) 



satisfying [7r+, 7r_] = -^S. 



This matrix Hamiltonian can further be written as the square of a hermitian operator Q 

as 



1 _o _ 1 



— iyr I 



H = -Q'-Q = ^[ =(Q)t. (13) 

An immediate consequence of this observation is that the energy spectrum is necessarily 

1 

non-negative. Using the Pauh matrices, cr+ = |(cri+i(T2) = ( ) ; cr_ = ^{(Ji—io'2] 



'0 0~ 
1 



0, 

, the operator Q can be further written as the sum Q = Q + Q\ where 



Q = ^=vr_a_ ; = ^=7r+a+ (14) 
^/m ^/?Ti 



are two complex, nilpotent, = = (Q^)^, supersymmetry charges. These charges, 



together with the Hamiltonian, obey the supersymmetry algebra |10]- |12] 



{Q,Q}= 0={q\Q^} 
{Q,gt} =2H 

[Q, H] = = [q\ h] . (15) 

Next let us consider the H-^ and eigenvalue problems. The general normalizable 
eigenstate, ip^^n, has energy E^-n > and satisfies 

Suppose has the normahzable zero energy {E-^q = 0) eigenstate ip-]o satisfying H-^i/j-^o = 
which implies that ir-ip-^o = 0. The vanishing commutator of Q and with if implies that 
7r_iJ| = i/|7r_ and n+Hi^ = H^-k^. It follows that left multiplication of the if| eigenvalue 
equation by 7r_ then dictates that H liji ^ip-^n) = -E't"(^-V^Tn)' ^^^^ 7r_'?/'|„ , > 0, is 
an Hi eigenstate with eigenvalue E^n > 0. Note that the case n = does not give an 
eigenstate since n_ipiQ = 0. Thus the normalizable ground state of is ipio = ^lo'^^-i'in 
where A^|o is a normalization constant, and has energy E^i. Except for the zero energy 
eigenstate of H-^, all the other eigenstates of and pair up with the same positive 



energy eigenvalues. This is a direct consequence of the supersymmetry. Thus if ip^n is an 
eigenstate of H-^ with eigenvalue E-^n, then ip^^ — ]^in''^-'4']n+i , n > 0, is an eigenstate of 
Hi with eigenvalue E^n = E-^n+i > 0. 

To exphcitly construct the zero energy ground state of H^, we use that 

/^tV'to = (17) 

if and only if 

7r_V'To = {-d- + ^9_X)V'T0 = . (18) 
z c 

The solution is readily secured as 

V'To(^+,^-) =r_(e^^^V-'^^'-"-^(^+'^-V«(^^)^„ (19) 

where a is summed from 1 to the dimension of L". The C/|*(x+) are arbitrary functions of 
x+ and Tja is a dim component group space spinor. The x_ ordered exponential is defined 

as 

n=Q ^ '^^ Jxo- Jxo- Jxo- 

T^[di-K{x+, xi-)d2-K{x+, X2-)...dn~K{x+, x„_)] 



[ai_i^(a;+, a;i_)a2_i^(a;+, X2-)...dn-K{x+, x^-)] (20) 



with i^(a;+,a;o-) = 0. This zero energy eigenstate will be the system ground state 
provided it is normalizable. 

On the other hand, suppose the eigenvalue equation 

i/iVin = ^inV'in ; ^in > (21) 

admits the normalizable zero energy eigenstate, ■?/'j,o, satisfying tt+z/'j.o = and E^q — 0. 
Then an analogous argument gives the normalizable ground state as ip^Q = N^oTr^ipii 
having positive energy E-[o — Eii. Once again, except for the zero energy eigenstate of Hi, 



all the other normalizable eigenstates of Hi and pair up with degenerate positive energy 
eigenvalues. Thus ip-^n = ^in^'^+'^in+i is an H-^ eigenstate with eigenvalue E-^n — -^j,n+i > 0. 
In this case, the zero energy ground state is gleaned from the condition 



TT+^io = 2i-d+ - ^a+i^)^io = 

Z C 



(22) 



whose solution is 



(23) 



This Hi zero energy eigenstate will be the system ground state provided it is normalizable. 
If K has only a single nonvanishing component in group space so that K — L^K^ , then 



r_(e 



dx'_d'_K(x+,x'_)^ f^L^£-_dx'_d'_K^ix+,x'_) ^ l^L^K^ix+,x-) 



r+ dx'd'K{x'x-) -^L'" r+ dx'd'K^ix'x-) „ rNr^N, ^ 

T+(e "^0+ + + ^+ ^ g J^o^ ++ ^ +' ' ^ ^-^L^K^{x+,x-) 

with K{x^,xq_) = = K{xqj^,x^) and 



(24) 



(25) 



tl^ioi^x+.x-) = e-^^'^-^^^^+'^-^t/f 



(26) 



As an example, consider the case of the gauge group SU (2). The fundamental representation 
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matrices are simply L" = ^ with r" being the Pauli matrices. Taking 771 = 77^ 







and 



^2 = Vi 



as the eigenstates of = ^ then 



etcK'i^+^^-)u]{x+) 



(27) 



For a uniform B field, we can choose — —\BQy^ (asymmetric gauge) with Bq > 0. 
In this case, only the isospin up gives a normalizable wavefunction so we set Ulix+) = 
yielding 



V'To(a:+,x_) = e-3f^^°^V;(x+: 







(28) 



Note that the ground state has spin up and isospin up. Since any function can be expanded 
in terms of plane waves, we can choose U^{x-^) = e^^^+ and write 



^tofe(x,i/) = iV^ofce^'^^+^^^e-^^' 







(29) 



where we have included a label k on the wavefunction which labels the degeneracy. 
Following an analogous procedure, the zero energy eigenstate of is found as 



1 







(30) 



For the uniform B field case, only the isospin down yields a normalizable wavefunction so 



we set Uj{x-) = and thus secure 



ipl o{x+,X-) = e~3fe^°^'f/|(x_) 



(31) 



This time it is the spin down, isospin down state which is normalizable. Choosing Uj^{x- 

^ikX- gjygg 



(32) 



Note that the spin up, isospin up and spin down, isospin down states are degenerate zero 
energy ground states. 



Another example for the gauge group SU{2) is provided by a vortex solution |T^. Such 
a configuration arises from a prepotential with asymptotic form 



(33) 
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with qm > 0. Here we have introduced the plane polar coordinates p and (/? with x± — pe^'^'^ . 
The corresponding asymptotic vector potential components are 



Ap — AxCos(fi + Aysirup ~ 



-AxSirnp + Aycostp 



9m 
2 4p 



(34) 



while the resulting non-Abelian magnetic field strength vanishes asymptotically 



B{p, (^)~0. 



(35) 



Taking C/j(x+) = (x + iy)" = p"e^"'^ , Ul(x-) = (x - iy)" = p^e""*^, and C/|(x_) = 
; f/|(x+) = where n a non- negative integer labeling the degeneracy, the normalizable 
zero energy ground states have the asymptotic form 



SSM 



and 



1 




1 



(36) 



(37) 



Note that normalizabihty restricts n < — 1. Once again, there is a degeneracy between 
the spin up, isospin up and spin down, isospin down states. 
As a final example, consider the magnetic field 

B(x,y) = a+/(x+)a_r(x_)(/(x+)r+ + r(x_)r_) - {^y/'d^f{x^)d^nx^)r, , (38) 

9 

where f{x+) and f*{x_) are arbitrary functions. Such a non-Abelian magnetic field can be 
obtained from the prepotential 

K{x^, x^) = (^)V3 (/(^^)r^ + r(x_)r_) + {—Y''f{x^)r{x_)T, . (39) 

The corresponding normalized zero energy spin up ground state takes the form 



-&^'fi^+)ri^-)TTi 



(40) 
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This time the normahzed ground state is spin up but isospin down. Similarly, the degenerate 
normalized zero energy spin down ground state is 



Ulix. 



(41) 



which has isospin up. 
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